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Orientation Approach
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A method for predicting the onset of coupled-mode � utter is presented. A distinguishing characteristic of this
method is that it emphasizes eigenvectors rather than eigenvalues. In the popular methods based on eigenvalues,
� utter is predicted as instability begins to occur, as evidenced by the movement of one or more eigenvalues from
the left-hand to the right-hand side of the s-plane, or the coalescence of eigenvalues. Alternatively, the method
of eigenvector orientation being presented has the potential to predict the occurence of instability. Although
the eigenvectors of vibrating systems generally satisfy the orthogonality condition, there are certain cases in
aeroelasticity in which they are not orthogonal. In a typical case of coupled-mode � utter, the eigenvectors initially
may be oriented orthogonally but gradually lose orthogonality as airspeed is varied. The consequence of such
a progressive loss of eigenvector orthogonality on structural dynamics is a phenomenon that seems to warrant
further investigation.This investigation has applications in areas such as helicopter dynamics, aeroelastic analysis
of plate and shell structures, analysis of slightly mistuned bladed disk assemblies, and rotordynamics.

I. Introduction

I N aeroelasticity, there are certain situations in which it is desir-
able to study the dynamics of a system in terms of one dominant

parameter, which can be called the system parameter. An exam-
ple of such a parameter is the airspeed U , in the classical coupled
bending-torsionof a wing section in an airstream.At the referenceor
datum state of the system parameter, e.g., when the airspeed U 0,
eigenvectorsare often found to be orthogonal.However, as the sys-
tem parameterchangesunder operatingconditions,the eigenvectors
graduallycease to be orthogonal.Initially, this loss of orthogonality
appears to be insigni� cant, and can be ignored in � utter prediction.
However, there are times when the loss of orthogonalityis of such a
magnitude that considerablequalitativeand quantitativeerrors may
be incurred by assuming that orthogonality continues to hold. The
consequence of a gradual loss of orthogonality of eigenvectors on
the structural dynamics of an aeroelastic system is a phenomenon
that warrants more in-depth studies.

Discussion is given � rst to some of the consequencesof a grad-
ual loss of orthogonality of eigenvectors on structural dynamics.
Although the primary aim of this study is the effect of eigenvector
orientation on the onset of � utter, there are other dynamic char-
acteristics, such as forced response, that may be affected by the
nonorthogonalityof eigenvectors.This is evident from modal anal-
ysis because it is well known that the forced response of a linear vi-
brating system can be computed as a weighted sum of eigenvectors,
via the process of modal summation. Orthogonalityof eigenvectors
normally is assumed in sucha process.However,althoughthe eigen-
vectors of most vibrating systems are orthogonal, it is illustrated in
this study that the eigenvectorsare not always orthogonal in certain
aeroelastic systems in which the eigenmatricesdepend on a system
parameter, such as airspeed or Mach number.

The onset of � utter is normally determinedby tracking the eigen-
values, as the least stable mode moves from the left-hand to the
right-hand side of the s-plane, or as a coalescence occurs between
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two or more eigenvalues.A distinguishingcharacteristicof this in-
vestigation is that the eigenvectors are used to predict the onset of
� utter, as an alternativeapproach.The approach is useful in making
a prediction in situations in which two or more modes interact to
induce � utter, a condition normally known as coupled-mode� utter.

II. Preliminaries
A. Conservative and Nonconservative Coupling

In investigatingthe in� uenceof nonorthogonalityof eigenvectors
on structural dynamics, it is useful to utilize the classi� cation of vi-
bratingsystems into two categories,dependingon the natureof cou-
plingwithin the system, as introducedby Crandall and Mroszczyk.1

The two types of coupling are called conservative and nonconser-
vative. Conservative coupling implies that the eigenvalue matrix
can always be transformed into a symmetric form. Conversely,non-
conservative coupling implies that the eigenmatrix cannot be made
symmetric by matrix transformation procedures such as the meth-
ods of Jacobi or Givens, well known in numerical analysis. Often,
but not always, this means that the eigenmatrix has an intrinsic
skew symmetric or symplectic structure, in contrast to a symmetric
or Euclidean structure. The conservatism referred to here concerns
coupling, and not necessarily the conservation of energy of the vi-
brating system. Because matrix techniques frequently are used in
vibrationanalysis,thenatureof couplingin a model isdeterminedby
inspecting the off-diagonal or coupling elements in the eigenvalue
matrix. If the coupling terms imply a symmetric structure, then it
is conservative coupling. If the coupling terms imply a skew sym-
metric structure, then it is nonconservativecoupling. In some other
cases of arbitrary matrix structure, the determination of the type of
coupling may not be apparent by mere inspection. These concepts
of conservative coupling and nonconservative coupling have been
used to study the � utter of rotating blades.2

The equationof motion for the freevibrationof an undampedsys-
tem normally is formulatedin a spacewith physicalcoordinates x .
Alternatively, one also may formulate the problem in modal coor-
dinates :

[Mx ] x [Kx ] x 0 (1a)

[M ] [K ] 0 (1b)

Although solution in modal space may not be as common as so-
lution in physical space, there are some attractive reasons for using
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the modal-space formulation. In physical coordinates x , the degree
of freedom (DOF) may be very large, say several hundreds or per-
haps thousands, whereas only a few DOF are needed if the prob-
lem is analyzed in modal coordinates. For instance, if the coupled
bending-torsion vibrations of an aeroelastic structure are consid-
ered, two DOF may be suf� cient in the modal-space formulation
for the purpose of analytical demonstration. Signi� cantly reducing
the DOF associated with a given problem may simplify the deriva-
tion of closed-form solutions for parametric studies in which one
investigates the dependence of solution on various parameters of
interest.

Equation (1b) may be reduced to an eigenvalue problem,

[A] 2

The eigenmatrix [A] of a system without damping has real ele-
ments. For coupledbending-torsionvibrations, [A] is a 2 2 matrix
in modal space spanned by the bending B and torsion T coor-
dinates. Such eigenmatrices frequently are encountered in various
stabilityproblemsof vibrationanalysis,anda classi� cationhasbeen
made by Crandall and Mroszczyk1 in the course of their investiga-
tionson rotatingmachinery.According to the classi� cation, one can
identify two categories: an eigenmatrix for systems with conserva-
tive coupling with a canonical representation

[Ac]
1

1
3a

and an eigenmatrix for systems with nonconservativecoupling,

[An ]
1

1
3b

In the foregoing, is both a qualitativeand a quantitativemeasureof
the coupling in the system. The magnitude of is a measure of the
strength of coupling, whereas the relative signs of the off-diagonal
terms have qualitative signi� cance. An eigenmatrix with real ele-
ments ai j a ji implies conservativecoupling,whereas ai j a ji

implies nonconservativecoupling.
It is sometimesmore convenientto work with noncanonicalforms

of eigenmatrices. For instance, if the mass matrix is a unit matrix,
then one can write noncanonical representations of Eqs. (3a) and
(3b), respectively, in the forms

[Ac]
k0

k0
4a

and

[An]
k0

k0
4b

where k0 denotes the nominal stiffness, denotesmistuning or im-
perfection parameters, and is a coupling factor, as before.

By distinguishing between conservative c and nonconservative
n coupling parameters, and translating the origin in the parameter

space relative to the axis represented by the parameter , one can
recast the above as follows. For the conservative coupling case,

[Ac]
k0 0 c

c k0 0
5a

and, for the nonconservativecoupling case,

[An ]
k0 0 n

n k0 0
5b

An illustration of how nonconservativecoupling arises naturally
in aeroelasticity is furnished by the problem of panel � utter at high
supersonic Mach numbers; see, for instance, the book by Dowell.3

By using Galerkin’s procedure, it can be shown that the equation of
motion of a � uttering plate can be cast in the form

mn
2
nqn

d2qn

dt 2
U 2 Qn 0 6

where n 1 denotes a mode of vibration, and Qn arises
fromaerodynamiccouplingof modes.By takingFourier transforms,
one converts Eq. (6) to the frequency domain to get

QE 1
U 2

[K ] q 7

where [K ] can be regardedas a dynamic stiffnessmatrix. For a two-
mode approximationas shown in Ref. 3 [p. 20, Eq. (27)], this yields
the stiffness matrices

[K ]
m1

2
1

2 U 2 Q M
21

U 2 QM
21 m2

2
2

2
8

The skewsymmetric couplingcharacteristicof nonconservativesys-
tems is evident in the stiffness matrix displayed in Eq. (8).

B. Orbits of Matrices Dependent on Parameters
Many problems in � utter analysis, especially those involving a

coupling of two or more modes of vibration, can be formulated in
terms of matrices dependent on parameters. A de� nitive study of
matrices dependent on parameters has been made by Arnol’d.4 As
the system parameters are varied, a family of matrices arises. These
matrices can be classi� ed by means of the equivalence relation in-
herent in the procedure of similarity transformation of matrices.
Each equivalence class of similar matrices A : A U 1 BU de-
� nes an orbit under the action of the general linear group GL n .
An important result that can be deduced from the work of Arnol’d4

is that an encounter with degenerate eigenvalues in the study of a
family of matrices dependent on parameters is signi� cant because
it indicatesa loss of transversalityat the intersectionof one or more
orbits in the parameter space.

A loss of transversality is important because, for applications,
it indicates a qualitative change in dynamics. Thus, loss of elastic
stability, the incidence of bifurcationof dynamic states, or the coa-
lescenceof modes occurwhen a lossof transversalityis encountered
in a dynamic system dependent on parameters.

The relevance of the foregoing to the problem of coupled-mode
� utter is eigenvaluedegeneracy.When two or more modes coalesce
at the onset of � utter, an eigenvalue degeneracy is induced, and
a mathematical loss of transversality occurs. The phenomenon of
coalescence is, in essence, a duality of the phenomenon of bifur-
cation. In the former case, two previously distinct modes fuse to
become one; in the latter case, a single mode separatesor splits into
two distinct modes. The unifying factor of these two phenomena is
transversality.A detailed study of the role of transversalityin � utter
analysis is given in Ref. 5.

III. Eigenvectors of Matrices
with Parametric Dependence

In many � utter problems, the characteristic instability is due to
nonconservativecoupling,givingriseto a coalescenceof two modes.
The modes are ordinarily distinct when there is stability, but lose
their identityat the onset of � utter. In this section, it is shown that the
angle between the two eigenvectors—or, equivalently, the orienta-
tion of eigenvectors—can be used to predict the onset of � utter.This
seems to be an alternativeapproach to the popular practice in which
the onset of � utter is based on the coalescenceof eigenvalues.6 – 9

A. Angle Between Two Complex Eigenvectors
It appears straightforwardto compute the angle between two real

vectors of dimension n from their scalar product. Thus, if 1 2
n are two such vectors, the angle in question is the arc-cosine,

cos 1 1 2

1 2
c12 9

It does not appear that a universal method exists for computing
the angle between two complex vectors, or for interpreting what
the geometric meaning of such an angle might be. Extending the
de� nition for the real case to cover 1 2

n is neither unique
nor straightforward. Several approaches suggest themselves. The
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simplest way is to replace the scalar product in Eq. (9) with the Her-
mitian scalar product, i.e., replace one of the vectors by its complex
conjugate before computing their scalar product; thus,

ci j
i j

i j
10

where an overbar denotes complex conjugation.The problem with
Eq. (10) is that the computed scalar ci j is not necessarily real, and
� nding the angle whose cosine is a complex scalar is impossible.

A practicalsolutionseems to be a mappingof n – 2n , sometimes
known as reali� cation, the inverse mapping being a complexi� ca-
tion. What this entails is that one strings out the components of i ,
placing the imaginary componentsafter the real. In the process, one
obtains a real vector of dimension 2n from a complex vector of
dimension n. This device was employed recently10 to compute the
anglebetweentwo eigenvectors,whichmay be real initially,butmay
later become complex as the parameters on which the eigenvectors
depend are varied.

B. Conservative Coupling
A system with conservative coupling is characterized by a sym-

metric eigenmatrix, if all of the off-diagonal terms are real. For
the real, symmetric eigenmatrix in Eq. (5a), its eigenvalues can be
written as

c
1 k0 0

2 2
c

(11)
c

2 k0 0
2 2

c

where the superscript c indicates conservative coupling. For small
values of c , the approximate expressions for the eigenvaluesare

c
1 k0 0

2
c

2 0
(12)

c
2 k0 0

2
c

2 0

If the correspondingeigenvectorsare denoted by uc
1 and uc

2, respec-
tively, then

u c
1 c 0 0

2 2
c

T

(13a)

u c
2 c 0 0

2 2
c

T

(13b)

Note that the eigenvectors above are independent of the nominal
stiffness,k0 . As n approacheszero, theapproximaterepresentations
of the eigenvectorsare

u c
1

c

2 0
(14a)

u c
2

2 0

c

(14b)

If all of the parameters , 0, c , and k0 are real quantities, then one
can obtain an expression for the angle between the eigenvectors in
Eq. (10), for all values of the parameters, as

cos c 0 15

Hence, the eigenvectors are always orthogonal. This well-known
result for a system with conservative coupling can be used as a
reference or benchmark against which the result for a system with
nonconservativecoupling could be compared.

The variation of eigenvalues with the system parameter is il-
lustrated in Fig. 1a, whereas the relationship of the angle between
the two eigenvectorsand the parameter is shown in Fig. 1b.

a)

b)

Fig. 1 Variation of a) eigenvalues and b) angle between eigenvectors
c asfunctionsof the couplingparameter in a system with conservative

coupling.

C. Nonconservative Coupling
The eigenvaluesof theeigenmatrixin Eq. (5b) are easilyobtained,

and can be cast in the form

n
1 k0 0

2 2
n

(16)
n

2 k0 0
2 2

n

where the superscript n indicates nonconservative coupling. For
small values of n , the approximate expressions for the eigenvalues
are

n
1 k0 0

2
n

2 0
(17)

n
2 k0 0

2
n

2 0

If the correspondingeigenvectorsare denoted by un
1 and un

2 , respec-
tively, then

un
1 n 0 0

2 2
n

T

(18a)

un
2 n 0 0

2 2
n

T

(18b)

Note that the eigenvectors in Eqs. (18a) and (18b) are independent
of the nominal stiffness,k0. As n approacheszero, the approximate
representationsof the eigenvectorsare

un
1

n

2 0
un

2

2 0

n
19

If all of the parameters , 0, n , and k0 are real quantities, then one
can obtain an expression for the angle between the eigenvectors in
Eq. (19) as

cos n
n

0
20

In thecase in which theeigenvectorsacquireimaginarycomponents,
onecanuse theproceduredevisedin Eq. (10) tocomputethe required
angle.

As in the precedingcase of conservativecoupling,one can sketch
the variation of the real and imaginary parts of the eigenvaluesand
angle between eigenvectors as a function of the parameter , as
illustrated in Fig. 2. It is evident that, within the � utter zone, the
notion of an angle between the eigenvectors breaks down.

IV. Applications
These concepts and derivations are illustrated and evaluated by

performing the analysis of a set of examples of panel � utter. An
isotropicplate, an orthotropiclaminatedcompositesquareplate,and
an isotropicand a compositecylindricalshellwith variousboundary
conditionsare considered.The square plates have simply supported
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Fig. 2 Variation of eigenvalues and anglebetween eigenvectors c as
functions of the coupling parameter in a system with nonconservative
coupling.

boundaryconditions,whereas the cylindricalshell is clamped on all
edges. The geometry of both square plates was the same, assumed
as length or width a 10 in. and thickness h 0 1 in. The mate-
rial propertiesfor the isotropicplatewere assumed to be modulusof
elasticity E 10 Mpsi, Poisson’s ratio 0 3, and mass density

0 025 lb-s2/in.4 For the laminated composite plate with uni-
directional 0-deg/90-deg � ber orientation, the material properties
were assumed to be E1 E2 5, G12 E12 0 4, 12 0 25, and
0.0025 lb-s2/in.4 The eigenvalueresultsare nondimensionalizedus-
ing [ a2 h E h3 1 2] and presentedin subsequent� gures; E E
for the isotropic case, and E E2 for the composite examples.

Both plates and cylindrical curved panels, made from isotropic
and composite materials, were modeled and analyzed using a high-
precision48-DOF curved-shell� nite element.9 11 This element also
was used for the analysis of � at panels by simply setting the radii
of curvature to be zero and suppressing those unnecessary in-
plane-related DOF. The present � nite element is quadrilateral in
shape, and has four corner nodal points with 12 DOF at each node:
u ux u y ux y x y , xy x y x y , where u, , and are
displacementsin the curvilineardirections x , y, and z , respectively,
and the subscripts x and y indicatederivatives.The element stiffness
matrix was formulated on the basis of classical lamination theory
and the aerodynamicmatrix was based on a linearizedpiston theory
for supersonic� utter analysis.Details of the � nite element formula-
tion can be found in Refs. 11 and 12.The shell panelswere analyzed
for free vibration by use of a series of successively re� ned meshes,
i.e., 4 4, 6 6, and 8 8. It was found that the � rst four frequencies
reached a set of converged values at the level of 6 6 mesh (588
DOF without constraints) within a variation of about 1%. Needless
to say, 6 6 mesh is suf� ciently re� ned and converged for the free
vibration analyses of the present � at-panel example. Thus, a 6 6
mesh was used throughout all of the panel examples, both � at and
curved, in the present analyses.

The free-vibration modes in these examples are similar to those
found by Pidaparti and Yang.11 In this study, the size of the dynamic
matrices from the previous analysis11 was reduced from 588 588
to 10 10 using modal coordinates. The � utter analysis is carried
out in modal coordinatesto � nd the critical aerodynamicparameter.

Figures3 and 4 show the variationof eigenvaluesfor the four fun-
damental modes as a function of the aerodynamic pressure param-
eter for the isotropic plate and the composite plate, respectively.
The aerodynamic pressure parameter is de� ned in Ref. 11 as

2q

M 2 1
21

where M denotes Mach number and q is the freestream dynamic
pressure. The foregoing analysis is applicable for the range of

Fig. 3 Eigenvalues of the isotropic plate as functions of the coupling
parameter.

Fig. 4 Eigenvalues of the composite plate as functions of the coupling
parameter.

airspeed for which linear aerodynamic modeling is admissible. An
analysis of the orientation of eigenvectors under the more general
conditionof nonlinearaerodynamicsis muchmore complexthan the
precedingtreatmentand requiresfurther investigation.For a general
treatment of nonlinear � ows, see, for example, Ref. 13.

It can be seen that eigenvalues 1 and 2 coalesce for the isotropic
plate,whereas eigenvalues2 and 3 coalesce for the compositeplate.
It can be seen from Figs. 3 and 4 that � utter takes place around a
critical value of aerodynamic parameter of 480 and 166 for
the isotropic and composite plates, respectively. It is of interest to
examine the eigenvectors corresponding to these four fundamental
eigenvalues for both of the cases in Figs. 3 and 4. Figures 5 and 6
show the real and imaginary componentsof the eigenvectorsplotted
as arrow-headedvectors for the four modes at three different values
of aerodynamic parameter. The horizontal axis in each cell of the
� gures indicates the real part of the complex valued vector; the
verticalaxis indicatesthe imaginarypart of thecomplexeigenvector.
It can be seen from Fig. 5 that eigenvectors for the four modes are
real at an aerodynamic parameter of 200. When the aerodynamic
parameter is 480, modes 1 and 2 exhibit complex eigenvectors.This
phenomenon means that modes 1 and 2 are participating in the
dynamics in such a way as to give rise to a � utter condition. At
an aerodynamic parameter of 700, modes 1 and 2 exhibit a greater
participationin the � utter after its initiation.Results similar to those
for the isotropic plate were observed for the composite plate, as
shown in Fig. 6. Modes 2 and 3 � rst coalesced at 166 when
the eigenvectorsbecome complex. At an aerodynamicparameter of
200, mode 3 exhibits a phase change after the � utter condition. It
can be seen from Figs. 5 and 6 that, if � utter occurs at a critical
value of the parameter , then the eigenvectors are real for values
of , but become complex within the � utter zone.

Figures 7 and 8 show the variation of the angle between the
two eigenvectors(modes 1 and 2) for the isotropicplate and the two
eigenvectors (modes 2 and 3) for the composite plate, respectively,
duringandafter thecouplingof modes. It canbe seenfromFig. 7 that
the angle dropsgradually to zero as the isotropicplate approaches
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= 200 = 480 = 700

Fig. 5 Eigenvectors for � rst fourmodes at three different aerodynamic
parameters for the isotropic plate.

= 100 = 166 = 200

Fig. 6 Eigenvectors for � rst fourmodes at three different aerodynamic
parameters for the composite plate.

Fig. 7 Angle between eigenvectors of modes 1 and 2 for isotropic plate
as functions of aerodynamic parameter.

the � utter condition. However, for the composite plate, the angle
drops steeply as the plate approaches the � utter condition (Fig. 8).
The fact that the angle between any pair of eigenvectors is not uni-
formly90deg in eithercase implies that theeigenvectorshavestarted
to lose their orthogonality.In both Figs. 7 and 8, the angle between
those interacting eigenvectors giving rise to coupled-mode � utter
clearly is not orthogonal as the aerodynamic parameter changes.
The two eigenvectors participating in the coupled-mode � utter be-
come less orthogonal, at a progressively rapid rate, before � utter

Fig. 8 Anglebetween eigenvectors of modes2 and 3 for compositeplate
as functions of aerodynamic parameter.

Fig. 9a Eigenvaluesof the cylindrically curved isotropic panel as func-
tions of aerodynamic parameter.

Fig. 9b Angle between eigenvectors of modes 1 and 2 for cylindrically
curved isotropic panel as functions of aerodynamic parameter.

really occurs. On the contrary, in a comparable situation, systems
with purely conservative coupling generally exhibit orthogonality
of eigenvectors throughout the range of values when the systems’
parameters are varied.

To further illustrate the eigenvector orientation approach, exam-
ples of isotropic and composite shell panels were considered. The
assumed geometry for both the isotropic and composite panel was
de� ned as the ratio between radius to longitudinallength 20, lon-
gitudinal length l 10 in., thickness h 0 01 in. The composite
panel was assumed to have 0-deg/90-deg lamination, with material
propertiessimilar to thoseof the compositeplate.The curvedpanels
were analyzed by successively re� ning the meshes (8 8, 6 6,
and 4 4 and observing their convergence trends. It was found
that the four lowest natural frequencies converged at a mesh level
of 6 6 within a variation of about 1%.11 Ten free-vibrationmodes
were used to � nd the � utter boundary.

Figure 9a shows the variation of eigenvalues for the � rst four
modes for the isotropic cylindrical panel as a function of the
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Fig. 10a Eigenvalues of the curved composite shell panel as functions
of the aerodynamic parameter.

Fig. 10b Angle between the eigenvectors of modes 1 and 2 for the
composite panel as functions of the aerodynamic parameter.

aerodynamicparameter . Eigenvalues for modes 1 and 2 coalesce
and give rise to the � utter condition around a critical value of aero-
dynamic parameter 820. The variation of the angle between
the two eigenvectors(modes 1 and 2) is shown in Fig. 9b as a func-
tion of the aerodynamic parameter . The rate of change of the
angle between the two eigenvectors drops gradually to zero in the
neighborhoodof 820. A similar rate of gradual change can be
observed for the isotropic plate (Fig. 7).

For the composite cylindrical panel, the variation of eigenvalues
for the � rst four modes as a function of the aerodynamicparameter

is shown in Fig. 10a. Once again, the coalescence takes place
between modes 1 and 2. Figure 10b shows the variationof the angle

between modes 1 and 2 for this composite panel during and af-
ter the coalescence. It can be seen from Fig. 10b that the angle
drops sharply to zero as the panel approaches the � utter condition.
The qualitative rate of change of the angle between eigenvectors is
sharper than that observed for the isotropic panel in Fig. 9b.

At a � utter boundary in a coupled-mode � utter situation, the an-
gle between the eigenvectors of the two modes participating in the
� utter becomes zero. Thus, at the critical value of the aerodynamic
parameter, the two modes share identical geometric orientation, as
the eigenspace collapses dramatically and discretely from a vector
spaceof size 2n to a spaceof size n. Note that, before � utter actually
occurs, the eigenvectors begin to signal the impending occurence
of � utter by gradually losing their orthogonality.Therefore, the ex-
tent to which the angle between the pair of interactingeigenvectors
deviates from 90 deg indicates the extent to which the system is
close to a � utter boundary. Consequently, the magnitude of the an-
gle between the eigenvectors, or its deviation from 90 deg, can be

used as an indicator of the onset of � utter. The present approach to
panel � utter problems is based on an extension of the method of
nonconservative coupling developed by Crandall and Mroszczyk1

for various instability problems in rotordynamics. From Ref. 1, the
presentmethod has arisenusing eigenvectororientationas a method
of � utter prediction.Its applicabilityfor panel � utter analysis, using
examples of isotropic and composite panels, both � at and curved,
has been demonstrated.

V. Conclusions
A method for predicting the onset of coupled-mode � utter using

an eigenvector orientation approach has been given. Examples of
isotropic and composite � at plates and cylindrical curved panels
are given. The examples demonstrate the usefulness of the present
approach for predicting � utter. The rate of change of the angle be-
tween eigenvectorsis another indicationof how the � utter condition
is approached. For the limited examples considered, it is observed
that the rate at which the � utter boundary is approached is faster for
the two composite panels than for the two isotropic panels.

The assumption often made that the eigenvectorsencountered in
structuraldynamicsare generallyorthogonalmay not always be the
casewhen dealingwith aeroelasticityin general,or the structuraldy-
namics of aerospacevehicles in particular. It has been demonstrated
in this study that the eigenvectorsof systems encountered in aeroe-
lasticity are not necessarily always orthogonal, and the angle be-
tween the nonorthogonaleigenvectorscan be used to predict the on-
set of � utter.Thus, in the � utter controlprocessand design, in which
the responsetime iscritical,themethodbasedoneigenvectorsseems
to have its value if a means of early tracking of the eigenvectors is
available. It appears desirable to explore further the potential appli-
cation of this method to other engineeringproblems in which eigen-
vectors lose their orthogonality in the course of system dynamics.
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